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A B S T R A C T
This thesis addresses itself to the solution of a number of problems which arise 
in the development of Radio Frequency filters, particularly those involving 
coupled transmission lines as resonant elements.
The text is divided into a number of sections dealing with individual topics. 
After a brief description of Darlington filter design principles, there is an 
account of the pivotal role of quarter wave sections and their vital part in 
the realisation of high frequency filters. This is followed by the development 
of new material relating to equivalent circuits of physical lines in terms of 
quarter wave sections, and its application to improvements in the design of 
wide-band filters.
There follows an account of a new procedure for calculating the dimensions 
of comb-line and inter-digital filters. This section includes a new proposal for 
the inversion of Getsinger’s procedure to permit the calculation of rectangular 
rod dimensions and spacings from given electrical data. There is also an 
algorithm for use with round rods which circumvents the tedious manual 
interpolation procedure devised by Cristal.
There follows an investigation of and a proposed solution to a long-known 
but unexplained discrepancy existing between the calculated and measured 
pass-band width of the class of comb-line filters. With the new procedure 
the discrepancy reported previously to be of the order of 10% is eliminated.
Finally, experimental evidence is adduced to verify the algorithms outlined 
in the preceding chapters.
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IN T R O D U C T I O N
Filter networks and related items, such as hybrid networks, have been at the 
centre of Communication Engineering from its earliest days. In the 1920s 
such networks were the subject of intense scrutiny with the burgeoning of line 
and radio systems with their insatiable demand for higher traffic densities.
Further developments proceeded in a succession of major steps. In the 1923 
Zobel [2] adduced the theory of of constant K filters, which laid the foun­
dations for further advances for the next twenty years. In 1939 a seminal 
paper by S.J.Darlington [17] laid the foundations for modern network the­
ory. With the impulsion of the Second World War, new developments oc­
curred in the area of high frequencies involving coupled transmission lines 
and waveguides. This work reached an apogee in the 1950s and -60s with 
the work of Cohn, Wheeler, Matthaei, Bolljahn, Wenzel and numerous oth­
ers [5] [6] [7] [8] [9] [10] [13] [14] [18] [19] [23]. More recently significant 
improvements due to Rhodes and Levy [20] [21] have enhanced performance 
in respect of group delay.
Whilst these developments have produced a body of knowledge which appears 
to encompass all the requirements of a practicing filter designer, there are 
never the less a number of areas where discrepancies exist between theoretical 
designs and their measured practical realisations and a number of grey areas 
where the optimum design procedure is not clear. It is these latter areas that 
this present document addresses.
Chapter I provides a brief account of Darlington filter design principles, and 
highlights the pivotal role of quarter wave sections (QWS). Chapter II deals 
with the QWS in some detail and an equivalent circuit is derived for the quar­
ter wave line which enables significant improvements to be made to the per­
formance of inter-digital filters. Chapter III explores the design procedures 
for comb-line filters and inter-digital filters and develops an algorithm for cal­
culating the coupling between adjacent rods, which can be implemented on a 
computer with significant improvements in speed and accuracy. Chapter IV 
investigates a well known and long standing discrepancy between the theoret­
ical and measured bandwidths of comb-line filters, offers an explanation for 
this, and provides a procedure for removing the effect. Chapter V provides 
experimental evidence to support the procedures previously outlined.
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C h a p t e r  1  
D e s i g n  o f  R F  f i l t e r s
1.1 Introduction
This thesis relates to the design of passive filters, and covers primarily the 
range of ladder filters of the type shown in Figure 1 .1 . By convention, ele­
ments go and gn+i are normalised resistive terminations, whilst elements g\ 
to gn are normalised dimensionless reactances. In the low pass filter shown 
in Figure 1.1, gk in a series arm corresponds with an inductive component 
whilst gk in a shunt arm corresponds with a capacitive susceptance.
The subject matter covers a very large range, and there are numerous books 
and papers, some of which are listed in the bibliography. We shall concen­
trate on ‘modern7 network analysis and synthesis whereby a filter network 
is synthesised from a desired frequency response. We are discussing ladder 
networks and these are minimum phase shift networks. Thus we have a set of 
responses in which the amplitude/frequency response and phase/frequency 
response are not independent; given one, the other is automatically deter­
mined.
The actual practical design of filters is vastly eased by the fact that given 
the shape of a low pass filter response, it can be transformed into a high 
pass, band pass or bandstop filter of essentially similar shape by means of a 
suitable frequency transformation. We shall be concentrating on the design 
of band pass filters which have particular application to RF engineering.
12
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It is not normally necessary to synthesise a given low pass response as an 
initial step. A number of desirable characteristics have been closely studied, 
and tables of prototype values have been published. Thus, save in exceptional 
cases, it is only necessary to decide which filter response is appropriate to 
the job in hand, and then to consult the published tables for the necessary 
element values.
Typical filters of the types which are well documented [25] are known by 
given names; three such are the Chebyshev, Butterworth and Bessel. The 
Chebyshev filter is characterised by having an equi-ripple amplitude response 
characteristic within its passband corresponding with the ripples of a Cheby­
shev polynomial. The cut-off frequency of such filters is defined as that 
frequency at which the insertion loss is finally equal to the ripple value. 
The Butterworth filter has maximally flat amplitude response characteristic
13
within its passband whilst the Bessel filter has a maximally flat group de­
lay within its passband; the cut-off frequency of these filters is defined as 
that frequency at which the insertion loss is 3 dB. Each of these character­
istics is applicable within certain areas. Probably the most widely used is 
the Chebyshev characteristic since it offers the prospect of a relatively flat 
in-band response with rapidly increasing out-of-band attenuation. As was 
stated at the outset all simple ladder filters have minimum phase shift char­
acteristics, and consequently the choice of filter type will be determined by 
the application in hand. Some idea of the range of amplitude and group 
delay response can be gleaned from Figures 1.2-1.13, which were calculated 
for a set of five-element low pass filters . An indication of the out-of-band 
performance of Chebyshev and Butterworth is given in Figures 1.14 and 1.15 
which shows the superiority of the Chebyshev filter in terms of simple out-of- 
band attenuation. However, as stated in the Introduction, the group delay 
response of such filters may be improved by internal cross strapping [21] [20]. 
The trade off for this improvement is usually a reduction in the out-of-band 
attenuation since the result of internal cross coupling is to by pass effectively 
parts of the filter which would otherwise provide attenuation. However, even 
this generalisation is qualified by the fact that the internal cross couplings 
may be arranged to provide attenuation at spot frequencies adjacent to the 
passband edge [22].
1.2 Basic Theory
The basis for ‘modern’ filter design is the analysis of the circuit shown in 
Figure 1.16, where the boxed network is composed of loss-free reactive ele­
ments. It is convenient to use S  parameters [26], [27], [28]. Since there is no 
power dissipated in the network, we can write
\Su(ju>)\2 -f |S2i ( ; H |2 =  1 (1-1)
i.e. the sum of the reflected and transmitted power is equal to the incident 
power.
14
□ DB[ S21]
Figure 1.2: Frequency response of LP Chebyshev filter, 5 pole, O.OldB ripple.
Normalised frequency range f/fc (fc =  cut-off frequency) 0 - 1 .2 .
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□ DB[ S21]
Figure 1.3: Frequency response of LP Chebyshev filter, 5 pole, O.OldB ripple.
Normalised frequency range f/fc (fc =  cut-off frequency) 0 - 2 .
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□ TD[S21]
Figure 1.4: Group delay response of LP Chebyshev filter, 5 pole, O.OldB 
ripple. Normalised frequency range f / f c (f c =  cut-off frequency) 0 -  1.2.
Group delay is normalised to 1/(27r / c) seconds.
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□ DB[ S22]
Figure 1.5: Return loss response of LP Chebyshev filter, 5 pole, O.OldB
ripple. Normalised frequency range f/fc (fc — cut-off frequency) 0 -  1.2.
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□ DB[ S21 ]
Figure 1.6: Frequency response of LP Butterworth filter, 5 pole (maximally
fiat amplitude characteristic). Normalised frequency range f/fc ( fc =  cut-off
frequency) 0 -  1.2.
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□ DB[ S21 ]
Figure 1.7: Frequency response of LP Butterworth filter, 5 pole (maximally
flat amplitude characteristic). Normalised frequency range f/fe (fc =  cut-off
frequency) 0 - 2 .
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□ T0[ SHI ]
Figure 1.8: Group delay response of LP Butterworth filter, 5 pole (maximally
fiat amplitude characteristic). Normalised frequency range f/fe (fc — cut-off
frequency) 0 -  1.2. Group delay is normalised to 1/(27r /’c) seconds.
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a  D8[ S22]
Figure 1.9: Return loss response of LP Butterworth filter, 5 pole (maximally
flat amplitude characteristic). Normalised frequency range f/fc (fc = cut-off
frequency) 0 -  1.2.
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□ DB( S21]
Figure 1 !0 : Frequency response of LP Bessel filter, 5 pole (maximally flat
group delay characteristic). Normalised frequency range f/fc (fc =  cut-off
frequency) 0 -  1.2.
□ DB[ S21]
Figure 1.11: Frequency response of LP Bessel filter, 5 pole (maximally flat
group delay characteristic). Normalised frequency range f/fc {fc =  cut-off
frequency) 0 - 2 .
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Figure 1.12: Group delay response of LP Bessel filter, 5 pole (maximally flat
group delay characteristic). Normalised frequency range f/fc (fc — cut-off
frequency) 0 -  1.2. Group delay is normalised to 1/(27r /c) seconds.
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I□ DB[ S22]
Figure 1.13: Return loss response of LP Bessel filter, 5 pole (maximally flat
group delay characteristic). Normalised frequency range f/fc (fc -  cut-off
frequency) 0 -  1.2.
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Figure 1.14: Family of frequency responses of LP Chebyshev filters (ripple
O.OldB) having two 2-12 elements. Normalised frequency range f / f e ( /c =  
cut-off frequency) 0 - 3 .
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Figure 1.15: Family of frequency responses of LP Butterworth filters having 
two 2-12  elements. Normalised frequency range f / f e ( / c =  cut-off frequency) 
0 - 3 .
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Figure IT 6: Filter Network
Now
|Sii(ju>)|2 =  Sn(ju)Su(-jLo)  (1.2)
and
a /•  \ Zi(ju>) — Ro
Sll(jw ) ry ( • \ . ir> (1.3)^ l W + f ? o  v '
where Zi(juO is the input impedance of the network; Rq is the reference 
impedance of the system corresponding with g0 of Figure 1 !  and 1.16. Hence
Zi j j v )  _  1 +  Su(jw) n  ^
Ro 1 — Sn(jw)
By way of example, consider a third-order Butterworth response in which
\S2i ( j u )\2 =
1 -f- a/e
29
(1.5)
where u  =  f / f c and f c is the cut-off frequency at which the response is 3dB 
down. In this case,
l& iC H I2 =  =  Sn ( M S u ( - M  ( 1 .6)i “T W
and
S n (ju )  — }  >2 ~  , ■ x3 (1.7)1 4- 2jto J- 2(jlo) (juj)3
leading to
Zi(jw)  _  1  +  2jco +  2(ju>)2 +  2(jw)3 
Rq 1 -j- 2jco -f- 2{ju))2 (1 .8)
There are a number of ways of converting Zf j to)  into the values of individual 
components of the network: one of the simplest is by continued division. 
Dividing directly,
In this expression, jo; corresponds with a series element of j Rq H at u;c 
(=  27r/c). The next element is expected to be in shunt, i.e.
Y2Ro =  1 + 2f +  2 0 " ) 2 (1 .10 )
1 +  JW
and
2ju> 1
Y2 =  i r  +  r T —  L 1 1i t o  l + j w
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i.e. the second element is Y2 =  2jco/Ro. This in turn implies that the second 
element is a capacitor of susceptance 2j /Ro  S at coc.
Repeating the above, Z3/R 0 =  1 +jo; and hence Z3 =  jwRqA-Ro Le. a series 
inductance of jRoQ, at wc and a terminating resistor Rq. The whole filter is
jfy jRq
If we normalise to Rq — 1 and ix>c — 1 the filter is
m  tH i h
If instead of Su(ju>) =  (Zi(ju>) — Ro)/(Zi(ju>) +  Rq) we had used Su(jto) =  
—(Yi(joj) — Go)/(Yi(juj) +  Go), we would have arrived at the filter shown 
below:
2H
Normalised values for a range of filters are extensively tabulated according 
to the scheme in Figure 1 .1 , and many of these are listed in [25].
A typical set of LP prototype values for Butterworth and a Chebyshev filter 
with in-band ripple equal to O.OldB is shown in Figure 1.17. To obtain 
working values, the elements are de-normalised as follows:
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Series arm: gk —> Lk : wcLk =  gkRo (1 .12 )
where loc is the required value of (o which corresponds with to — 1 in the 
normalised prototype response and Ro is the source resistance corresponding 
with =  !• Similarly,
Shunt arm: gk -» Ck : iocCk -  gk/Ro (I-13)
Finally the load resistance corresponds with gn+i and is given by gn+iRo. 
The amplitude/frequency response of a Chebyshev filter is given by [25]
l&lCMI 1 + e 2C2(w) I1’14)
where e is the ripple factor in the pass band, w =  1  at the pass-band edge 
and Cn is the Chebyshev polynomial of order n.
Then
and
Cn(cj) =  cos(72 cos 1o;) lo < 1
=  cosh(72 cosh-1 to) (o >  1
e2 =  10°'lj4m ~  1
(1.15)
(1.16)
Here, Am is the passband ripple in dB.
The values of gk for both Butterworth and Chebyshev filters have closed 
forms [25], which are useful in computer programs for determining filter val­
ues.
Butterworth: gk =  2 sin ( | ( l - l 7)
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Table of elements(gk) for normalised Chebychev LP filter with 0.01 dB ripple; number of 
elements (n) 2-8. Response is -0.01 dB at cut-off angular frequency
n
k 2 3 4 5 6 7 8
1 0.4488 0.6292 0.7129 0.7563 0.7814 0.7970 0.8073
2 0.4078 0.9703 1.2004 1.3049 1.3600 1.3924 1.4131
3 1.1008 0.6292 1.3213 1.5773 1.6897 1.7481 1.7825
4 1 0.6476 1.3049 1.5350 1.6331 1.6833
5 1.1008 .7563 1.4970 1.7481 1.8529
6 1 0.7098 1.3924 1.6193
7 1.1008 0.7970 1.5555
8 1 0.7333
9 1.1008
Table of elements(gk) for normalised Butterworth LP filter; number of elements (n) 2-8. 
Response is -3dB at cut-off angular frequency
n
k 2 3 4 5 6 7 8
1 1.414 1 0.7654 0.6180 0.5176 0.4450 0.3902
2 1.414 2 1.8478 1.6180 1.4142 1.2470 1.1111
3 1 1 1.8478 2 1.9319 1.8019 1.6629
4 1 0.7654 1.6180 1.9319 2 1.9616
5 1 0.6180 1.4142 1.8019 1.9616
6 1 0.5176 1.2470 1.6629
7 1 0.4450 1.1111
8 1 0.3902
9 1
Figure 1.17: Table of Butterworth and Chebyshev g Values
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Chebyshev: gx =  2ax/ y  gk =  — ■lQfc gn+1 =  tanh2(/?/4) (1.18)
bk-igk-l
where
(1.19)
and
bk =  7 2 +  sin2(&7r/n), (3 =  lncoth(Am/17.37) and 7  =  sinh(/?/2rc) (1.20)
It should be noted particularly that the Chebyshev response has a value 
of gn+i f  g0 for n even. This means that the filter is operating between 
unequal terminations, a necessary condition for the filter to have a non-zero 
insertion loss at zero frequency. However, this is not a bar to the use of even 
order Chebyshev filters in band pass filters as shown by Cohn [8]. Except 
in this case, the filters operate between equal terminations and additionally, 
9k ~  9n+1 — fc«
In closing this section, it is to be noted that filters can be constructed to op­
erate between unequal terminations, including open circuit and short circuit 
terminations. Tables of values of gk for such filters are widely available and 
the topic is covered extensively in Zverev [25].
There is widespread use of Chebyshev filters with an in-band design ripple 
of 0.01 dB. This value is usually chosen not for its through transmission 
performance, but rather because it corresponds with an input return loss of 
26 dB in the passband.
ak =  sm
(2k — 1 ) 7 T
2 n
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1.3 Frequency transform ations
We have stated that given a low pass filter response, other types of response 
can be obtained readily from it. In the simplest case, consider W /W c =  
lOc/lo. A plot of this function is shown in Figure 1.18. Clearly the value of 
10 =  0 corresponds with W  =  oo; to — luc gives W  =  Wc and to — oo gives 
W  =  0. Thus the low pass frequency response with cuf-off angular frequency 
parameter <oc is transformed to high pass.
In the prototype filter,
Lk ~  gkRo/wc (1 .2 1)
and its reactance <oLk —> Wc(ocLk/ W  — gkRoWc/ W . Hence it follows that 
the series arm is now a capacitor of reactance 1 /WCkeq — gkRowc/ W  and 
therefore C\teg =  l/(gkRoWc) — 1 /(LkWccoc). It can be seen that each ele­
ment is replaced by its dual (L —► C, C —> L) and the new value resonates 
with the original at \/<ocWc .Of course, if (oc — Wc then L, C resonate at <oc.
A second, more useful, transformation is
co Wp
BW
W_ _  Wo 
[W0 W
(1 .22)
where BW is the passband width defined below.
Clearly, to =  0 corresponds with W  =  ±Wo. Also, to — oo corresponds with 
W  — oo and W  =  0_. Furthermore, lo =  — oo corresponds with W  =  0+ and 
W  — —oo. At lo =  <oc, W2 — Wq +  BW/2 approximately. At lo =  —toc, W\ =  
Wo — BW /2 approximately. It follows that BW =  W2 — Wi =  2(W2 — Wo). 
See Figure 1.19. Note that
wLk —> wcLk
Wo
BW
W __ Wo 
LWo W
(1.23)
If BW =  u;c, then
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Figure 1.18: Plot of W  — Wc x u>c/co
u,Lk-> W Lk -  (1.24)
This is Lk in series with Ckeq =  1/(WqjL*). Similarly, shunt C  becomes a 
parallel tuned circuit.
In a third transformation due to P.J. Richards [4], L is replaced by a short 
circuit transmission line, and C  by an open circuit line. Then
uLk —> Zofctan(lF7r/2W0)
uCk Yok tan(W’7r /2W0) (1.25)
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U)r to
•Wn
W
B W
Figure 1.19: LP -  BP Transformation
where Wo is the angular frequency at which the lines are A/4 long. The fre­
quency lj — 0 becomes equivalent to W =  2m Wo, m =  0,1, • • •. The general 
transformation gives a frequency response shown in Figure 1.20 comprising 
a low-pass section and an infinity of bandpass sections.
There are now two ways of determining Z0, Wo. In general, the reactance 
(susceptance) at zero frequency in the LP filter is zero, and this must also 
be so at the corresponding frequency in the derived filter. Additionally, in 
the first way, the reactance (susceptance) slopes are made equal at these 
corresponding frequencies. Now
dXk 
dw w=o
and in the derived filter
{LP)  =  Lk, dBk
dw w=0
(LP)  =  Ck
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Figure 1.20: LP to BP Transformation using Transmission Lines (1)
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=  (ZoW 2W o)sec2(7rW72Wo) (1.26)
=  (Y0kw/2W0) sec2(itW/2W0) (1.27)
At W  =  0
Lk —* (7rZofc/2Wo) =  gkRo/toc (1.28)
C* ~ * (nYok/ZWo) =  gk/{wcRo) (1.29)
This means that the ratios Z0Jfc/Wo and Yok/Wo are fixed, but not each sep­
arately. In the low-pass case, it is obviously desirable that Wo be a large as
possible to make the next passband as far away as possible. This in turn
requires Z§k and lo^ be large; however there is a practical limit to realisable 
Z0k of about 200/300 H and Fot =  0.1S.
In the passbands centred about 2Wo, 4 Wo etc. the passband is given by that 
of the low pass in the range —Wc to +WC. It is interesting to note that 
the higher order passbands have arithmetical symmetry about the centre 
frequency.
The second procedure for determining Z0k, Wo exists by equating reactances 
at band centre and edges, whence tocLk =  Z0k tan(Wc7r /2Wo) =  guRo and 
<x>cCk — hofctan(Wc7r/2Wo) =  gk/Ro. Here, Wc is the pass-band edge angular 
frequency.
The difference is significant in the case of wide bandwidth filters. In the first 
case the response approximates that of the low pass characteristic near the 
band centre; in the second the fit is best at the band edge. In fact, it is 
possible to find a compromise value which equalises the errors.
In a fourth transformation, inductors are replaced by open circuit trans­
mission lines and capacitors by short circuit transmission lines. Here, lo — 0 
corresponds with W =  Wo, 3Wo, 5Wo, ♦ • • and the response becomes as shown 
in Figure 1.21. The values of Zo*, Wo are as given in the preceding section, 
except that now Wq is fixed at the band pass centre. Equating derivatives at
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U -  0, W =  Wo, gives gkR0/toc =  ^0jfc7r/(2W0) and gk/ {R0Loc) =  Yokir/{2Wo),
where 2 u;c now corresponds with the pass bandwidth.
Adopting the wideband criterion, i.e. equating reactances at band edges
where Wc is the upper band pass edge (the lower edge is 2Wo — Wc). Again 
the first criterion gives a better match at band centre and the latter at band 
edge.
There is a final useful frequency transformation in which the shunt elements 
transform to a short circuit line in parallel with a capacitor. In this case, 
wCk y —Yok cot 9 W C  where 6 is the electrical length of the line and u  =  0 
corresponds with W =  W0 and 0 =  60 given by Yok cot 0O =  lo0C.
The slope at W =  Wo is dR/dW  =  (Yofc/Wo)(0ocosec20o +  cot 0o)5 and in the 
low pass case d B / d W  =  gk/(RoWc). Equating these gives Yok in terms of 0O? 
Ro and Wc. A similar transformation applies to the series elements.
Finally a word about the effect of dissipation in the filter elements. These are 
normally categorised by the element tQ'i value. At the band centre frequency, 
the network degenerates into a network of loss resistors. The insertion loss 
at band centre can then be readily calculated to be
where fo is the filter centre frequency, /2 and f i  are the upper and lower 
passband edges and Quk is the unloaded Q value of the k-th element.
(1.30)
(1.31)
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Figure 1.21: LP to BP Transformation using Transmission Lines (2)
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1.4 Quarter wave sections
Many of the filters so far described are unrealisable in practice, in that the 
characteristic impedance of transmission lines or impedances of lumped com­
ponents lie outside the range of realisability. They can be made practical by 
means of quarter wave sections (QWS), so-named because they mimic the 
performance of a quarter wave line of characteristic impedance Zq in that
Z\n — Zq /  Zioad. (1.33)
There is also a phase shift of 90 degrees between input and output. Two 
such sections in tandem give Z-m =  Zioaa, and the phase shift between input 
and output is now 180 degrees. The section thus has properties similar 
to the operator j  in complex algebra. These sections are also known as 
impedance/admittance inverters.
We shall use for a while the matrix notation
Vl — <ZllV2 — #12*2
*1 — 021^2 —^22*2 (1.34)
This transmission matrix enables tandem circuits to be evaluated. For a 
series element Z  (impedance)
[A] = 1 Z LO 1
and for a shunt element Y  (admittance)
[A] = 1 0 Y  1
(1.35)
(1.36)
We define the QWS to have a matrix
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[A] = 0 jZo
j / Z 0 0 J (1.37)
This matrix has the desired properties. A real transmission line has a matrix
[A] = cos 6 j  Z0 sin 6 .jsinO/Zo  cos 9 (1.38)
which behaves as a quarter wave section at 6 — 90 degrees.
Now if we embed a shunt element between two QWSs, we have
o '  1  O ’ 0  jZ 0 [1 j ZSY]
.H Zq o . Y  1 . . j /Zo 0 . .0 1  J
i.e. this is equivalent to a series element Z  =  ZqY  and a 1:1 inverting 
transformer (which we shall ignore in our simple ladder network).
It may be noted that if Q is a quarter-wave section, P  is a parallel network, 
shunt connected and S is a series network, series connected, then
QPQ — S P  =  QSQ — PQ  — QS - Q P ^ S Q  (1.40)
where S  and P  are related as in 1.39. Hence if we replace all the series 
elements by embedded shunt elements, all the elements are of one type. 
Similarly, if we replace all the shunt elements by series elements embedded 
between QWSs we lose all the shunt elements. Incidentally, we can use one 
such odd QWS in the middle of an even order Chebyshev filter to equalise 
the source and load impedances, and additionally this serves the purpose of 
making the filter symmetrical [8].
There are surprisingly a large class of elements which have approximately this 
property. Some circuits are shown in Figure 1 .22; these have Y[n =  1ft2/ k w  
and Z-m =  Zq/Z\qad. Additional circuits can be obtained from the circuits 
of Figure 1.22 by a n  — T transformation. In many of the circuits there
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are negative capacitors, inductors or transmission lines of negative charac­
teristic impedance, which at first sight might seem to present a difficulty of 
realisation. However, these can usually be absorbed in neighbouring positive 
elements.
A three section band pass filter is shown in Figure 1.23. In replacing the 
series elements in the filter, there is a fair degree of freedom in the choice of 
the shnnt element, since % is under control. Indeed it is commonplace to 
design filters in which all shunt elements are similar i.e. the filter has equal 
inductors in all sections.
A typical case is shown for the three element filter of Figure 1.23.
Yi -* Y i  ( ju L t  +  and C2i swg =  1 (1.41)
j u C '2 +  A -rr  =  +  ju L 2Y02 (1.42)
jujU2 jlo
i.e.
=  and CJ =  W ?  (1.43)
If L'2 =  L,then Y02 =
In the case of line structures, there are some very useful equivalent circuits for 
coupled lines. For a pair of coupled lines there are a variety of ways in which 
these can be configured, but two of these are shown in Figure 1.24a and b 
(see [1 ] for details). The configuration of two lines grounded at the same end 
occurs in comb-line filters. Here the equivalent circuit shows a top coupling 
line of the same electrical length as the component lines, usually about 45 
degrees. By the addition of cancelling pairs of shunt lines the circuit can be 
reorganised to show equivalent QWSs. See Figure 1.24c. The supplementary 
lines can normally be incorporated into adjacent elements of the filter.
Parallel lines grounded at the same end occur in inter-digital filters, and the 
equivalent circuit shows the direct existence of the QWL when the lines are 
90 degrees long; this is the normal situation in an inter-digital filter.
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/Y V Y \
L
-L —L
Zo = u)L
+Z
-Z
Zo -  Z Tan 0-
+Z
Zo = Z CotG-
./■VYVV.
Zo = 1 = c o l
w0C
Zo = %L = 1 
wo0
Figure 1.22: Some Quarter Wave Sections having Z-m =  Z$/Zl
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Figure 1.23: 3 Section Bandpass Filter and Equivalent QWS
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Figure 1.24: Equivalent Circuits for Coupled Transmission Lines.
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Figure 1.25: Circuit for Matching R  to Higher Internal Filter Impedance
In all cases involving line structures, the coupling characteristic impedances 
are related to the even and odd mode characteristic impedances. These in 
turn are directly related to the capacitances per unit length of the lines. 
The calculation of these capacitances is dealt with in detail in the papers by 
Getsinger [1 1 ] (for rectangular rods), by Cristal [12] and by Nicholson [15] (for 
round rods). In addition, an algorithm suitable for computer implementation 
is given in Chapter III.
There is a final useful equivalent circuit. It often happens that if a filter is 
required to operate between 50fi terminations, the circuit values directly cal­
culated are unrealistic. If the filter can operate between higher terminations, 
the values become realisable. A simple circuit enables this to be done. The 
circuit is that of Figure 1.25. The impedance facing the filter is R ffijX ,  and 
this can be transformed to its parallel equivalent as
Y  = ---- ----- = ------—----------- 3— —  (1.44)
R +  j X  R 2 + X 2 R 2 +  X 2 K }
The source impedance is now (R2 +  X 2) / R  in parallel with a reactance of 
j ( R 2 -f- X 2) / X.  Provided that this latter reactance can be absorbed in the 
tuning of the filter leading shunt element, the necessary alteration to the load 
impedances can be achieved.
It may be noted that the equivalent parallelsusceptance-j AT/(i72 -{- X 2) has
1Even and odd mode characteristic impedances/admittances exist when a line is one 
of an assembly of lines. If the other lines are driven equally in phase, the characteristic 
impedance/admittance is that in even mode; if the other lines are driven in antiphase, 
the characteristic impedance/admittance is that in odd mode. The topic is explored in 
greater detail on page 54.
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a stationary value at R  =  X;  this means that if X  is varied, the equiva­
lent parallel resistive term (R2 +  X 2) / R  changes whilst the reactance does 
not. Given the common value of R  as 50H this suggests that the optimum 
reactance is about —j50fl and the equivalent parallel resistance is 100Q. It 
is thus advantageous if such a network is used to match a 50Q source to 
a transmission-line type filter with considerably higher internal impedance. 
The coupling capacitor is tapped onto the input line at the point at which 
the impedance is approximately lOOfh The location of this point is readily 
determined as the input impedance varies roughly as sin2 </>, where </> is the 
electrical length of the resonator at the tapping point. Minor adjustment 
of the coupling capacitor thus enables the input resistance component to be 
matched accurately with the minimum of re-tuning effects.
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C h a p t e r  2  
Q u a r t e r  w a v e  s e c t i o n s
2.1 Introduction
In the preceding chapter, reference was made to the use of quarter wave 
sections (QWS) in filter networks. These were basically of two kinds. In the 
first, the requisite section was fabricated from lumped elements, and in the 
second, sections appeared in the equivalent circuits formed of transmission 
line elements. The relevant sections of both types are shown in Figure 1.22. 
We take an example of the first kind, a II-section comprised of two shunt 
negative capacitors at the input and output and a series capacitor. The 
requirement for a negative capacitor does not usually present an insuperable 
difficulty, as it can be arranged to be in parallel with a positive capacitor 
circuit element. Provided, therefore, that the resultant sum yields a positive 
capacitance, all is well.
2.2 Properties
The A matrix of this ‘quarter-wave5 section is given by
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This matrix exhibits the required ‘quarter-wave’ properties in that A 2 =  —I, 
where I  is the 2x2  unit matrix. Clearly, however, this realisation suffers from 
the fact that its characteristic impedance Zo (=  1 /wC)  is not independent 
of frequency, as required for the successful implementation of filter sections. 
It is thus only suitable for inclusion in filters of relatively narrow bandwidth 
(say 10% or less). In the regions beyond the filter passband, the sections 
appreciably distort the frequency response, producing ‘skewing’ of the type 
shown in Figure 2.1 by a five element Chebyshev filter. At high frequencies, 
the section behaves as a low impedance coupling, and a whole filter behaves as 
a simple capacitive ladder with poor high frequency attenuation, exhibiting 
ultimately a fixed attenuation.
By an analogous argument a coupling section comprising two shunt negative 
inductors at input and output and a series inductance can serve as a narrow 
band quarter-wave section with limitations similar to those exhibited by the 
capacitive section. In this case, the out-of-band limitation on the rate of 
attenuation occurs at the low frequency side of the response.
It is of course entirely possible to construct filters with a mixture of capacitive 
and inductive quarter wave sections, to balance the out-of-band responses. 
However, the inductive sections are not generally favoured as they are difficult 
to fabricate and to achieve an inductive element of sufficient purity (i.e. 
free from stray capacitance). Equivalent networks in a T-configuration can 
of course be constructed. In these, the series arms require either negative 
capacitance or inductance. The choice of Pi or T network is usually dictated 
by whether the adjacent resonant sections are either of shunt or series type, 
since the incorporation of the negative components requires a conjunction of 
like with like.
Clearly there are difficulties to be expected with lumped element filters as 
in addition to the problems posed by the non-ideal behaviour of quarter- 
wave sections, the reactance slope of a series tuned circuit is not symmetrical 
about its resonant frequency, as is also the case with the susceptance slope of 
a parallel tuned circuit. At best, one can only achieve ‘geometric’ symmetry 
in which corresponding responses occur at frequencies / i  and /2 related by 
/ 1/2 =  /o , where fo is the nominal band centre. Whilst a wideband filter 
can be designed (if need be by the omission of quarter-wave sections) its 
skew response may be an embarrassment in the case of modulated signals,
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wherein the sideband structure has arithmetical symmetry. Since the pre­
viously described lumped sections are only really of use with narrow band 
filters, there is a difficulty with the realisation of filters with a large fractional 
bandwidth, e.g. one octave. In such a case, there are basic restrictions on 
the filter format. Figure 2.2 shows the effect of replacing a capacitive quarter 
wave section by an ‘ideal’ section; the skewing is markedly reduced but some 
residual asymmetry is still present.
2.3 Transmission line QWS
A different situation pertains, however, when the resonant elements comprise 
transmission line sections. The responses of such resonators have arithmetical 
symmetry about quarter wave resonance since
tan(7r/2 -f 9) — — tan(7r/2 — 0) (3 .$ )
The drawback to the use of such resonators is that there is not one single 
resonant frequency, but multiple resonances at integer multiples of the lowest 
resonant frequency. Such a symmetrical response filter can, of course, only be 
realised if the elements are solely transmission line elements, i.e. comb-line 
filters do not have this property. In fact, comb-line filters have an asymmetry 
somewhere between the lumped element filter and the wholly transmission 
line filter. The property of arithmetical symmetry in wholly transmission 
line filters means that filters of this type axe particularly well-adapted to the 
design of wide band filters.
The basic element of a transmission line filter is the coupled pair of lines, 
with the options of short and open circuit terminations on pairs of termi­
nals, thereby establishing some ten configurations of two port networks, the 
most useful four of which are shown in Figure 2.3. The arrangement of Fig­
ure 2.3(a), with all the resonators earthed at the same end, occurs in comb- 
line filters; that of Figure 2.3(b) with resonators earthed at alternate ends 
occurs in inter-digital filters. These configurations were first investigated 
systematically in the 1950s, and a table of equivalent circuits was published
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by Jones and Bolljahn [7] for lines of equal dimensions; this work was fol­
lowed by that of Osaki and Ishii [6] [9] for lines of different dimensions. It 
was implicit in the work of these authors that the lines were embedded in a 
homogeneous medium. Whilst this restriction is of minimal importance in 
the design of ‘normal’ filters, it becomes of considerable importance in the 
design of filters on a microstrip substrate where the dielectric is not uniform.
The values of the elements in the equivalent circuits are expressed in terms 
of Zoei Zqo, Toe and Yq0. These are modified definitions of characteristic 
impedance and admittance applicable to an ensemble of transmission lines. 
If all the lines are driven with the same voltage then the characteristic adm it­
tance of a given line n is Toe(n). If however the other lines are driven with 
equal voltages in anti-phase, then the characteristic admittance is Eo0(n). 
These admittances, thus defined are known as the even and odd mode ad­
mittances respectively.
It must be noted that the definition of even and odd mode characteristic 
impedances Zoe and Zq0 are not immediately intuitively obvious, as in general 
Zoe/  l/Toeand Zq0/  1/Yq0. In fact, Zoe(n) is defined as the characteristic 
impedance of line n when all members of the ensemble are driven with equal 
in-phase currents, and Zo0(n) is defined as the characteristic impedance of 
line n when the other members are driven with equal currents in anti-phase.
It is quite possible to define an infinite set of characteristic impedances or ad­
mittances by postulating different driving conditions for the other members 
of the ensemble; however none has so far been found to be of any practi­
cal value except for the important case of all other elements being at zero 
potential; this gives the normally defined characteristic impedance Zo.
In the first circuit Figure 2.3(a), which relates to the situation where alter­
nate lines are earthed at the same ends, the series coupling element is a short- 
circuit transmission line of characteristic admittance Yc = (Y0ae — Y0ao) /2 =  
(Toe — Yq0)/2  and electrical length 9. It is thus immediately apparent tha t 
such a combination of lines cannot be used at the quarter wave condition, as 
the coupling admittance goes to zero, thereby effectively stopping transmis­
sion through the filter. Whilst this property can be exploited in the design of 
band-stop filters, these form a relatively small class and will not be considered 
further here. If the transmission lines are appreciably shorter than quarter 
wave, then the coupling element is inductive. If two commensurate short-
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Figure 2.3: Four Commonly used Identities for Coupled Transmission Lines
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circuit elements with characteristic admittance —Yc, are connected in shunt 
at input and output, a quarter-wave section is formed with To =  Yc. The neg­
ative elements cannot, of course, be realised physically, but can be cancelled 
out by further shunt connected elements which are then absorbed in the ad­
jacent elements occurring if the basic low-pass filter has been transformed 
appropriately. This particular configuration occurs in comb-line filters and it 
will be noted that the coupling impedance is not stationary; this limits the 
application of this configuration to narrow band filters.
In the second case, Figure 2.3(b) where the transmission lines are short cir­
cuited at alternate ends, the coupling element is a series connected trans­
mission line of commensurate length with the individual resonators. This 
particular configuration is of especial interest as it forms the basis of the 
class of inter-digital filters, in which the resonators are each a quarter-wave 
long. The coupling line has a transmission matrix given by
a _  (  cos6 j Z csm9  \  
y js in O /Z c  cos 0 J
At the quarter wave condition this degenerates into
A - [ u z c JV  J ( 2 . 4 )
and hence A 2 — — J, where I  is the 2 x 2  unit matrix.
At frequencies other than 0 — tt/2, A 2 ^  and the response of the overall 
filter departs from the desired shape derived from the simple low-pass re­
sponse. In particular, the discrepancy becomes very marked with wide-band 
filters, e.g. an octave wide. An example of this situation is shown in Fig­
ure 2.4(b). The figure shows the return loss characteristic (sn ) for a five 
element filter designed to have a Chebyshev shape with an in-band ripple 
of O.OldB and using quarter-wave lines; the return loss characteristic should 
have a series of values of — 26dB interspersed with values of — oo as shown 
in Figure 2.4(a). Clearly, the effect of the non-perfect quarter-wave sections 
produce increasingly serious errors as the frequency departs from band cen­
tre.
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2 . 4  T r a n s m i s s i o n  l i n e  e q u i v a l e n t  c i r c u i t
It does not seem to have been noted in the literature tha t the matrix of a 
transmission line can be re-ordered to give an equivalent circuit with advan­
tage to the user. The basic transmission m atrix is given by
a — I cos& jZ o s in #  
— jsmO/ZQ  cos 0
This matrix can be subdivided into three elements viz.
I  1 O W  0 j  Zo sin 0 \  (  1 0 \  ( 9 x
\ l / j Z 0 ta,nd 1 J \ j / Z Qsm 6  0 ) \ l / j Z 0 t&nO 1 J 1 '
The equivalent circuit of this triptych is shown in Figure 2.5, and com­
prises two shunt elements of short-circuit transmission line of characteristic 
impedance Zq, embracing a quarter-wave section of characteristic impedance 
ZosinO. In the design of a practical filter, these shunt sections can be in­
corporated into neighbouring elements of similar type and length. A cor­
responding dual exists comprising a quarter-wave section of characteristic 
impedance Zocosec#, embraced on each side by a series element of open cir­
cuit transmission line of characteristic impedance Z0. This dual is also shown 
in Figure 2.5.
The difficult situation in which the coupling element has all the disagreeable 
properties of the quarter-wave line is now replaced by that in which the 
coupling element has the idealised property th a t A 2 = —I ,  albeit with a 
non-constant characteristic impedance of Zosin#, or Zo cosec#.
2 . 5  O p t i m i s e d  Q W S
The normal design procedure with a filter using quarter-wave lines is to set 
the desired value of the equivalent circuit coupling transmission line to be 
correct at the band centre frequency, and this leads to the response of the
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Figure 2.5: Equivalent circuits for a section of transmission line
type shown in Figure 2.4. In this example, the filter is a 5 element Chebyshev 
filter with the series elements replaced by shunt elements connected between 
quarter-wave lines. However, the revised equivalent circuit means tha t it is 
possible to vary the quarter-wave section without completely disturbing the 
design parameters. We can for example, now equate the quarter-wave section 
impedance with Zo sin 0\ where Q\ is the value of 9 at the band edge. If the 
filter is to be one octave wide, 9\ =  7t/3. The upper band edge is then at 
27r/3 and hence Z rQ =  Zq/ 0.866. The return loss characteristic for this value 
is shown in Figure 2.6, which used the same design parameters as Figure 2.4. 
It can now be seen that the optimised situation at the band edges is now 
degraded by an inferior performance towards the band centre.
Clearly it is possible to envisage a compromise situation in which the coupling 
impedance of the quarter-wave section is set for some value of 02 between
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Figure 2.6: Return loss response of transmission line filter with quarter-wave 
sections matched at band edge. Frequency normalised with respect to centre 
frequency of filter.
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Figure 2.7: Return Loss Response of Transmission Line Filter with Compro­
mise Quarter-Wave Sections (see text). Frequency normalised with respect 
to centre frequency of filter.
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band centre 6 — w/2 and #1, the band edge value. Suitable trial values 
would be (9 +  #i)/2  and y/OOj. A search of values for 9 suggested that 
the best compromise for the octave filter used as our example occurred for 
sin# =  0.94. The return loss performance is shown in Figure 2.7, from which 
it can be seen that an adequate Chebyshev performance is realised, albeit 
with a modified ripple parameter.
The use of this modified version of the quarter-wave line enables a systematic 
approach to be made to the design of inter-digital filters which could only 
previously be attem pted on a trial and error basis. The equivalent circuit of 
Figure 2.3(b) can now be re-drawn to incorporate a quarter-wave section as 
shown in Figure 2.8. As far as is known, this particular equivalent circuit has 
not been published previously. It is also of interest to note the close affinity 
of this circuit to tha t of Figure 1.24(c) showing that the crucial difference 
between comb-line and inter-digital filters is in the equivalent quarter-wave 
sections.
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Yq =  ^Oo \ ) e  Sin 0  
2
0 0
o  
2 
Yob
Figure 2.8: A new identity for a pair of Coupled Transmission Lines, earthed 
at opposite ends.
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C h a p t e r  3
C a l c u l a t i o n  o f  c o u p l i n g  g a p  
a n d  f r i n g i n g  c a p a c i t a n c e s  in  
c o u p l e d  b a r s  b e t w e e n  g r o u n d  
p l a n e s
3 . 1  I n t r o d u c t i o n
In the previous Chapters we have dealt with the development of band-pass 
filters with transmission line elements. It was clear that the directly derived 
filters using such elements were not physically realisable, and could only be 
implemented by employing Quarter Wave sections and physically realisable 
shunt elements. In tu rn  it was necessary to implement the Quarter wave 
sections by using the inherent quarter wave sections embedded in the equiv­
alent circuits of coupled pairs of transmission lines. The four commonly used 
types of pairs of coupled transmission lines shown in Figure 2.3 with equiva­
lent circuits shown in Figure 1.24. The problem of designing practical filters 
now requires accurate evaluation of the component parts of the equivalent 
circuits.
A simple transmission line structure comprising a single conductor surrounded 
by an outer conducting enclosure will support a transverse electromagnetic
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Figure 3.1: Parallel bars between ground planes forming a pair of coupled 
transmission lines.
(TEM) wave. Its idealised performance can be discussed entirely in terms of 
its inductance, L , and capacitance, C, per unit length: throughout this the­
sis the term  ‘capacitance’ is used to mean the capacitance per unit length of 
strip. These fundamental parameters can be alternatively expressed in terms 
of other parameters, namely, characteristic impedance, Zq (or characteristic 
adm ittance To), velocity of wave propagation v and the relative dielectric 
constant er of the medium surrounding the conductors (assumed uniform). 
The relationships between these parameters are given by
= b  <3»
Additionally, v =  1/y/LC  =  c /er where c is the velocity of light in free space. 
Thus any two of the set of parameters {Zq or To, v or er: L, C] are sufficient 
to specify system performance.
An equivalent circuit of a pair of coupled transmission lines A and B (Fig­
ure 3.1) in terms of the capacitances can be reduced to tha t of Figure 3.2, 
in which the definitions of characteristic impedance and admittance are ex­
tended as follows. An even mode characteristic admittance T ^  of a pair of 
transmission lines is defined as that of a given line, A, when the other line, 
B, is driven by an equal in-phase voltage. An odd mode characteristic adm it­
tance TqJ is tha t of line A, when line B is driven by an equal, phase-reversed 
voltage.
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Figure 3.2: Equivalent circuit of a pair of coupled transmission lines A and 
B, showing capacitances per unit length.
Yoi = vCA and Y £  =  v(CA +  2 Ca b ) (3.2)
The ’primary mode’ characteristic adm ittance % is defined with all other 
elements earthed. Hence in terms of the quantities Ca and Cab 1
Y0A = v(CA +  Ca b ) (3.3)
Many commonly used configurations of two coupled lines [1] require that 
the values of self (Ca , Cb ) and m utual (Ca b ) capacitance be precisely deter­
mined. The problem was first essayed in passing by Cockcroft [3]. The m ath­
ematical treatm ent of the problem is given in the appendix of that paper. In 
the 1950s and -60s the requirement for a solution to the capacitance problem 
became urgent and the standard treatm ent was published by Getsinger [11] 
for rectangular lines. The results were presented in graphical form and some 
skill is required in interpolation. Additionally, graphical results do not lend 
themselves to incorporation in computer programs. It was decided therefore 
to investigate the possibility of producing algorithms to give required results 
in a filter design computer program.
It has been found possible to determine the dimensions and spacing of bars
x I t  s h o u l d  b e  n o t e d  i n  p a s s i n g  t h a t  t h e s e  d e f i n i t i o n s  d o  n o t  t r a n s l a t e  d i r e c t l y  i n t o  d e f ­
i n i t i o n s  o f  c h a r a c t e r i s t i c  i m p e d a n c e  b y  s i m p l e  i n v e r s i o n .  T h e  d e f i n i t i o n s  o f  c h a r a c t e r i s t i c  
i m p e d a n c e  r e q u i r e  t h a t  t h e  o t h e r  l i n e s  o f  a n  e n s e m b l e  b e  d r i v e n  w i t h  e q u a l  c u r r e n t s ,  n o t  
v o l t a g e s ,  a n d  t h i s  l e a d s  t o  v a l u e s  w h i c h  i n  t h e  c a s e  o f  n o n - i d e n t i c a l  c o u p l e d  l i n e s  a r e  n o t  
t h e  r e c i p r o c a l s  o f  t h e  c h a r a c t e r i s t i c  a d m i t t a n c e s .
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to produce the required values of self- and mutual-capacitance in a form 
suitable for computer evaluation. This m atter is dealt with in detail be­
low. The nomenclature adopted has been chosen to be the same as that of 
Getsinger [11] to facilitate comparisons.
3 . 2  C o u p l i n g  b e t w e e n  r e c t a n g u l a r  b a r s
Figure 3.3: Cross section through parallel rectangular bars between ground 
planes, showing relevant dimensions.
The configuration for consideration is tha t shown in Figure 3.3. Two rectan­
gular bars lie parallel in the plane perpendicular to the surface of the paper. 
They are of equal thickness (2) and situated mid-way between ground planes 
spaced apart by 6,-which are in turn parallel with the bars.
The capacitance associated with each bar can be segregated into two por­
tions: that to the ground planes, equivalent to Ca or Cg, and the mutual 
capacitance A C equivalent to capacitance Cab of Figure 3.2.
Consider first the pair of identical bars shown in Figures 3.3 and 3.4. These 
bars are assumed initially to have a width, w, sufficiently large that the fields 
associated with each end of a bar may be considered individually, i.e. the 
intervening field is sensibly uniform over a range. The capacitance to ground 
for each bar can be split into three pairs of capacitances (see Figure 3.4). One 
pair comprises the idealised parallel plate capacitance that would exist from 
each face to ground (Cp). The second pair (CJe) is associated with the comers 
adjacent to the coupling gap; these capacitances represent the perturbing 
values arising from fringing effects and each is equal to the difference between
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Figure 3.4: (a) The coupling and to-ground capacitances associated with the 
structure to be analysed and (b) the coupling capacitance replaced by four 
equal capacitances to simplify analysis.
the actual capacitance to earth and Cp. The third pair of capacitances {Cj) 
arises similarly from the fringing effects at the two corners of each bar remote 
from the coupling gap. Thus, the total capacitance to earth  from a bar is 
given by
2(0 + CJ. + CJ) (3.4)
Under even-mode conditions of excitation, the capacitance to  earth is desig­
nated Coe and is equal to the capacitance defined above.
Under odd-mode conditions of excitation, the apparent capacitance from 
either bar to ground is 2(CP +  C je +  Cj +  AC). In this condition, the plane 
between the bars is at zero potential, and may be replaced by a zero potential 
conducting wall for the purpose of analysis. The coupling capacitance AC 
may then be split into four components each equal to the original coupling
Figure 3.5: The definition of the separatrices and points G. 
capacitance as shown in Figure 3.4.
The capacitances mentioned above can be defined in precise terms. Referring 
to Figure 3.5, we see that
AC
e
=  I  E - d S =  ( °  E - d SJ T JE
Cp (LH) a LH 
e ~  AL
C
} +  lim [  J-+-OO J J E - d S
(3.5)
(3.6)
(3.7)
The capacitance Cye is a function of both ground plane spacing and bar sep­
aration; clearly Cj is equal to the limiting value of C je as the bar separation 
approaches infinity. The lines through G in Figure 3.5 define separatrices,
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dividing the field from bar A into two portions, one going to ground and one 
going to bar B. The points G are those at which the separatrices cross the 
central plane between the bars.
with respect to 6/2, the half-ground-plane spacing. Point A is thus (a, jO) 
where
Similarly D is at (a, jd ), with d =  A D /(6/2), B is at (x ,jo o ) (where a < x <
1), C is a t (1 ,— js /6 ) , G is at (E G /(b /2 ),—js /b ) and E is at (0 ,— js /b ).
Figure 3.6: A cross section of the configuration to be analysed, with nor­
malised dimensions.
Since the system is symmetrical, it is only necessary to analyse the quarter 
segment shown in Figure 3.6. The capacitances are evaluated by conformal 
transformation. The solution in Getsinger [11] for A C in closed form involves 
elliptic functions. The present work required the numerical computation of 
integrals which are amenable to computer evaluation. The present analysis
The configuration to be analysed is shown in Figure 3.6. This is in odd-mode 
excitation and represents the cross section through one bar structure with the 
zero potential wall in place. The origin is point 0  and the bar is assumed to 
extend to B at j oo. The co-ordinates of points in Figure 3.6 are normalised
a = ( t /2 ) /(b /2 )= t/b (3.8)
1 O: (0, 0)B
Az (t/bJO)
D : (t /b ,jd  )
B: (  x , j  inf) 
C: (1, - js /b  ) 
G: ( g, -js/b  ) 
E: (0, -js/b )
Bar A
c v
A
E* G
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then falls into two parts: the evaluation of the relationship between bar 
dimensions and coupling capacitance, and the evaluation of the fringing field
component and its effective perturbing distance.
The first conformal transformation to be employed is of a Schwarz-Christoff el 
type given by
This transforms the interior of the shape OADBCGEO of Figure 3.6 into the 
lower right quarter of the z ' plane as shown in Figure 3.7(a), with the points 
O', A', D', B', C', G' and E' corresponding with their unprimed counterparts 
in the z plane. The transformation has located the point O' at (0, jO), B' at 
(1 J0 ), G' at (gfjO) and E' at (oo, jO). The points A', C', D' are at (a ',j0 ) , 
(c', jO) and ( d f j 0) respectively and oo >  g' > c' >  1 > d' > a1 > 0. It 
should be noted that the left-hand side of the configuration in the z plane 
(not shown) is transformed symmetrically into the left hand side of the z ‘
is convenient to re-arrange the transformation with k =  — fc', so tha t fc is 
essentially positive and the transformation becomes
As shown in Figure 3.7(b), this latter transformation converts that part of
points 0 "  (0,;0) and B" (oo, jy ) ,  0 <  y < 1, in the z” plane. That portion of
(3.9)
plane.
At z f~ 0, d z /d z ' is equal to —fc'a'/c', and hence fc' is essentially negative. It
(3.10)
This initial transformation leads to a second which produces a form from 
which the capacitances can be readily deduced. This second transformation 
is
(3.11)
the axis between O' and B' into the positive half axis of the zn plane 
with points 0' (0, jO) and B' (1, jO) in the z ’ plane becoming corresponding
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Figure 3.7: The transformations employed in the calculation: (a) the primed 
plane, (b) the double-primed plane.
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the $tz' axis between B' (1, jO) and E' (oo, j'0) becomes the segment between 
B " (oo, jy )  and E" (0 ,j l )  in the z" plane. Negative points on the axis 
appear in corresponding negative positions on the z" plane.
It is apparent that the transformation from the 2 plane to the z" plane is 
given directly by
3?  =  t g [z"] (3-12)
where
G(z") =
'  _  e"™")2 -  ( l  +  e - ’2" )2
(1 -  e~™")2 -  c'2 (] +  e~*z" f
1/2
(3.13)
Clearly if the inner bar OAB is held at a given potential, with the ground 
planes and EC at zero, then in the z" plane the line segment having jy "  =  
jO will be at the given potential, whilst the segment having jy "  = j  1 will 
be at zero. The surfaces so defined now form a parallel plate capacitor. 
The essential property of conformal transformations means tha t the coupling 
capacitance A C  in Figure 3.4 is equal to that in Figure 3.6 between EG and 
bar A; it is also equal to tha t in Figure 3.7(b) between E "G" and the $tz" 
axis, i.e. A C  =  g"e, where e is the dielectric constant of the medium. From 
the appendix of Getsinger [11], it can be deduced that
AC 1 , (  c'2 \  „
e ~  -k(c* -  l )  “   ^^
This expression relates g" to c'.
In normal usage the capacitance A C is known and the major problem is 
to determine the corresponding dimensions in the z plane. At this stage 
therefore, the values of 6, the ground plane spacing, and £, the centre bar 
thickness, are assumed to be known also, with s to be determined.
The process of derivation is most readily followed by inverting the transfor­
mations in sequence. Given A C /e (=  g") we may find cl from
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c, =  ' T _ eT A CY. (3-!5)
The next stage is to consider th e  situation  in the z' plane. Here the trans­
formed polygon of the  2 plane now lies along the axis, w ith the interior 
lying below the axis. A contour integral can be delineated following the 
path from E' (00, jO) to  O ' (0, JO), O' to  (0, —j 00), and an infinite arc from 
(0, — joo) to  E ' (00,yO). There is a  pole on the $tz' axis at =  1, and 
the contour must be indented to pass below this. The integral, which by 
Cauchy’s theorem  is zero, m ay be expressed as the sum  of several parts i.e.
k Jpc' r l + s  p a ' pO p —jo o  poo "JL + L  + L + L + L  + / - J w u ' + ' - o  (3.16)
where J  is the residue from  the indentation  a t =  1 . The integrals involv­
ing £ are taken in the lim it £ —> 0.
We first deal with
/ oo
F(z') dz'  (3.17)
-joo
On this infinite arc the integrand is approxim ated by —1 /z12. Replacing z f 
by Re39, where R  —> co, th e  integral becomes
lim  /  — - ~ — j  Re30 d6 — lim  f  - j^ - —-d6  =  0 (3.18)
R-00 7-^/2 R 2e239 R—+CO J—7t/2 j R  v '
The term  J  is the integral around the  indentation a t =  1 and may be 
evaluated by the substitu tion z ’ =  1 -f- re39 and le tting  r —> 0, or else by 
evaluating the residue by conventional m eans. E ither way
( 3 - 1 9 )
Examining the other integrals individually, we can m ake the following iden­
tifications
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k [ C F{z')dz  =  1 (3.20)
J OO
In the 2 plane this is the transition from E to C normalised with respect to 
6/2.
The integrals
rl+E r&'
k /  F (z ')d z ' + k F{z')dz' + J  (3.21)
Jc1 J l—e
taken together have a (Cauchy) principal value equal to —(6 — t)/b  -j- js /b  
corresponding with the transition from C to A in the z plane. Identifying 
real and imaginary parts gives
<>•»>
and
0 -  =  k f 1+C F {z’)dz' + kf° F (z')dz' (3.23)
6 Jc' J l—E
The remaining integrals are given by
- l  = k £ F ( z ' ) d z '  (3.24)
and
J_s_
b
=  fc f  J°° F (z')dz' (3.25)
Jo
The summation of the integrals and residue are zero, as required.
We can now re-state the problem usually to be solved. It is: given the values 
of AC, 6 and f, determine the value of s.
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From the equation 3.22
7r b V 1 — a
and hence, using equation 3.24,
2 b - t  d 2 -  1 /o .
k = z - i r / n r ^  (3-26)
t 2 6 — t d 2 — 1 ra' \z l2~ a 12 dz'I I ’ I 
V 1 - a ' 2 Jo V6 7t 6 y — a' y z '2 — d 2 1 — z'2
(3.27)
In this equation, c', 6 and t are all known and the equation can be solved 
for a' by the numerical technique discussed below. Given a the value of k 
immediately follows. The value of s/6  can now be found from equations 3.25 
and 3.27 which give
—s 2 6 — t / d 2 — 1 f°° x 2 +  a'2 dx , .
T  LV +  l  +  Z2 3^ '28'1
Values of A C /e  and C jJ  e have been calculated in accordance with the above 
and are plotted in Figure 3.8. The curves are identical to those of Figure (3) 
of [11].
The integral in equation 3.27 can be evaluated by a number of routes.
1. For small values of t/b[< 0.015] the value of a' is given by
a1 ~  s ji t /b  -  JJb 2
This is accurate to within 1% for A C /e  < 0.4.
2. The same approximation a' =  \j2 t/b  — t2/b2 is also valid for all values 
of t/b  < 0.8 for A C /e  < 0.04. It will be noted in passing tha t A C /e  =  1 
corresponds with a coupling Zq of 376.612 in air. This value of A C /e  
is considerably higher than tha t met in normal filter design. [Higher 
values may, however, be encountered in directional couplers with values 
of coupling in the range 0 - 10 dB.]
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sib
Figure 3.8: (A) log10(AC/e) and (B) log 10(C je/e) versus s/b  for t/b  =  0.0, 
0.1, 0.2, 0.4, 0.6 and 0.8 (from bottom  upwards).
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3. Numerical evaluation of the integral is possible, but some care is nec­
essary particularly for large values of A C /e(>  1). This is because at 
such values of A C/e, c' is very close to unity and consequently the 
value of a' is also very close to unity. (N.B. c' >  1 > a'). In turn, this 
produces a large narrow peak in the integrand very close to the value 
of a'. At a', the integrand is zero; it is the term  in 1/(1 — x 2) which is 
responsible for this effect. Consequently, if the integrand is evaluated 
by a conventional trapezoidal approach, there is considerable difficulty 
in dealing with this peak. The following algorithm has been found to 
be satisfactory for large values of A C /e(<  4) in evaluating 3.27 Given
T f  A f a> I d 2  — 1 l a 72 — x 2 dx f a ' .
w - L  v i ^ v ^ - s ’ i - W . F{x) (3-29)
mu n i nt
J ( a ' )  =  £  E - F [ ( l  -  1 0 - m +  0 .9  x  1 0 “ m ^ ) a ' l  +  ^ ( o ) -  (3 .3 0 )
m=0p=i L n J 2 n
This divides the integrand into successively smaller intervals
(a) 0 — .9a'
(b) .9a' — .99a'
(c) .99a' — .999a' etc
For values of A C /e <  4 the maximum value of m u  has been found to 
be 5, whilst n =  100 seems an adequately small sub-division for each
interval.1
4. The numerical evaluation of the integral may be accomplished rigor­
ously for all values of A C /e and t/b  < 0.8 by the following procedure. 
Define J(a ') as follows
da:r, A a  2 Id 2 - I  la'2 -  a;2 :
H i - a 12 Jo x 2 b — t
This is done in two parts2. The first part is to find n such that
1 T h i s  a l g o r i t h m  i s  s u i t a b l e  f o r  i m p l e m e n t a t i o n  o n  a  P C .  T h e  a l g o r i t h m  i n  [ 4 ]  r e q u i r e s  
a  s o m e w h a t  l a r g e r  m a c h i n e  w i t h  a c c e s s  t o  N A G  r o u t i n e s .
2 I f  t  =  0 ,  a1 =  0
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1(1 -  10-") <  r ~  <  1(1 -  10""-1)
where n — 0 , 1 , 2 . . .  This initial bracketing is done because the value 
of a' varies over several orders of magnitude for A C /e  in the range of 
interest.
The second part is to use the bisection method [24] with the initial 
range 1 — 10-71 to 1 — 10-n_1 to find a more accurate value of a! . An 
adaptive integration routine using the Gauss 10-point and the Kronrod 
21-point rules, as implemented in the NAG library, was found to be 
suitable. The criterion used for stopping bisection was th a t
| J ( a ') - * / ( & - * ) !  < 2  x 10-5 
Such accuracy was always achieved within 50 iterations.
3 . 3  D e t e r m i n a t i o n  o f  f r i n g i n g  c a p a c i t a n c e  i n  
R e c t a n g u l a r  b a r s
In discussing the equivalent circuit of the pair of coupled bars, we referred 
to the fringing capacitances C je. It is necessary to know the value of this 
when a filter design is in hand. The fringing capacitance is defined as the 
difference between the actual capacitance between one side face of the centre 
bar and ground, and the idealised parallel plate capacitance, when the bar 
side dimension tends to infinity . The parallel plate capacitance between 
A and D in Figure 3.6 is Cp(d) — 2eAD/(6 — t). The total capacitance to 
ground, considering one side and the end of the bar adjacent to the coupling 
gap end of the bar only, is Cp(d) +  We can determine the value of C je 
by noting that
C
— =  lim d"
£  d"—*oo
Cp{d) A C
(3.31)
Now
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^ )  =  2AD
e b — t b — t
and
jd  = k ^  J * G { z " )d z "  (3.33)
whence
=  +  lim  f "  1 +  j J f z l G (z"}dz« (3.34)
e e d"-+co Ja» J V 1 -  a '2 v '  v 7
where a" =  ( l/7 r) ln ( l +  cz7) / ( I  — a7).
Thus given A C /e , £, and 6, it is possible to  find s, C j je .  The value of 
C //e , the fringing capacitance associated w ith  a bar end where there is no 
neighbouring bar, is equal to  the lim iting value of C /e/e  when the inter-bar 
spacing s approaches infinity.
The expression for C fe/e  has been left w ith d" finite in order to  explore the  
lim its of validity. As d" increases the  value of C j j e  rapidly approaches a 
lim it. Physically, this corresponds w ith th e  onset of field uniform ity in the  
gap. In order to determ ine a  suitable value of d at which it m ay be deemed 
th a t the field has reached uniform ity, we m ay calculate the value of d at which 
the value of C 'lM  has reached a given fraction of its final value. Values of 
d99% (at which C f  has reached 0.99 of its final value) and d90% {C/e has 
reached 0.9 of its final value) have been calculated and p lo tted  in Figures 3.9 
and 3.10, for a range of values of A C /e  w ith t /b  as param eter.
If we now assume th a t dgg% (or d90%) represents a distance sufficiently far 
from the  bar end th a t the  field is effectively norm al, then we m ay postulate 
th a t a  bar of w idth equal to  twice th is distance has the m inim um  width for 
which the  foregoing trea tm en t is applicable. If the  bar w idth w is normalised 
with respect to 6, then Wgg% is num erically equal to d99% etc.
W hilst Figures 3.9 and 3.10 show th a t values of m inim um  bar dimension 
(and hence m inim um  w idth) vary appreciably w ith t/b  and A (7/e, this is not 
very helpful in deriving rules of thum b for practical applications. Such a rule 
may be derived by replotting  the  d a ta  for a bar with very weak coupling ( e.g.
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Figure 3.9: Minimum bar dimension for which C je has reached 99% of its 
final value
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AC/e
Figure 3.10: Minimum bar dimension for which C je has reached 90% of its 
final value
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, ------------      L _ Z Z Z ± = ~ J C
0.0 0.2 0.4 0.6 0.8
t/b
Figure 3.11: Minimum bar width for weakly coupled bars as a function of 
t/b  with A C/e  =  0.01. (a) (b) 0.35(1 — t/b) and (c) w90%. N.B. widths
normalised with respect to b.
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A C /e  =  0.01) to its neighbours: 1099% and id90% are plotted as a function of 
t/b  in Figure 3.11. From this it can be seen tha t for ia99%, minimum nor­
malised width varies between 1.2 and 0.6 whilst for iu9o% it varies between 
0.5 and 0.05. The only other criterion for minimal interaction between fring­
ing fields known to the present author is that given in M atthaei et al [1] as 
w >  0.35(1 — t/b). This has been plotted in Figure 3.11, from which it would 
appear to be of somewhat limited value.
3 . 4  C o u p l i n g  b e t w e e n  r o u n d  r o d s
In this instance we are dealing with the situation where the resonator as­
sembly comprises coplanar round rods with axes parallel situated between 
ground planes. It presents a number of difficulties not encountered in the 
case of rectangular resonators. In particular, with rectangular resonators 
it is possible to calculate the inter-bar spacings to achieve a set of desired 
couplings independently of the individual bar self capacitances, since it is as­
sumed that the couplings at opposite ends of a given bar do not interact. It 
is therefore possible, having determined the coupling capacitances for a given 
bar to adjust the bar overall width to set the self capacitance to the required 
value. W ith round rods, such an approach is not possible as the rod coupling 
and self capacitances are closely related. We cannot separate the treatm ent 
of the opposing sides, as there is no parameter corresponding with the over­
all bar width which can be separately adjusted; altering the rod diameter 
simultaneously adjusts both self and coupling capacitances. The problem 
was first successfully attacked by E.G. Cristal in a classic paper “Coupled 
Circular Cylindrical Rods Between Parallel Ground Planes” [12]. Cristal’s 
method relied on the computation of capacitance by numerical methods and 
the results were presented in graphical form, not suitable for incorporation 
in a simple computer program. The essence of Cristal’s approach can he best 
understood by considering Figure 3.12. In this a uniform array of round rods 
is assembled between ground planes. If the rods are all driven in phase (even 
mode) then the capacitance from one rod to ground is C g ( C o e ) .  If alternate 
rods are driven in anti-phase (odd mode) there exists between rods a plane 
at zero potential, and hence the capacitance to ground for any single rod 
is C g +  4 C m { — Cqo). The capacitance of a single rod when all others are
84
cFigure 3.12: Assembly of round rods between parallel ground planes.
earthed is Co =  Cg +  2Ce, and this in turn defines the characteristic admit­
tance To(= uCo) as normally defined. This param eter is usually specified in 
a given filter as it critically controls the resonator Q factor. The optimum 
value for To is about 0.13. (The variation of Q with characteristic impedance 
for various configurations is given in M atthaei, Young and Jones [1]). As 
stated above, Cristal then proceeded to determine Cm and Cg for a range of 
s/b  with djb  as parameter, and presented the results in the form of graphs.
The subsequent procedure is best described by Cristal’s own words [12].
“The design procedure given assumes tha t values for the normalised capac­
itances have been previously obtained [1], [2]. The initial step in obtaining 
the dimensions of the structure from the normalised capacitances is to mark 
off on the graph of Fig. 2 horizontal lines corresponding to the values of 
Cm/e that are called for in the design. In this example four horizontal lines 
of Cm/e — Ck,k+i /e  (for k ~  0 ,1 ,2 ,3 ) =  1.58, 0.301, 0.226 and 0.218 are 
drawn. Next, the coordinates of the intersections of constant Cm/c — 0.218, 
0.226, 0.301 and 1.58 with the family of constant d/b  curves are noted and 
plotted on the graph of Fig.3. Smooth curves are then drawn on the graph 
of Fig.3 through points of constant Cm/e. This is shown in Fig.5,
“Next, it is useful to partition the filter configuration of Fig.4 into smaller 
subsections as shown in Fig.6. Each subsection consists of a normalised
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capacitance to ground and the normalised coupling capacitances to the right 
and to the left. To determine the normalised rod diameters and normalised 
spacings the designer may choose any of the subsections (a), (b), (c) or (d) of 
Fig.6 and proceed in the following manner: Assume that Fig.6(d) is chosen. 
On the graph of fig.5, assisted by a suitable drawing aid, several auxiliary 
curves of constant d /b  are drawn which intersect the curves of constant 
Cm/e  =  0.218 and 0.226. These auxiliary curves are drawn in the vicinity of 
one-half the value of the required normalised capacitance to ground, in this 
case, l/2 C g/e  =  \ /2 C z /t  — 2.25. The objective o f drawing auxiliary curves is 
to find the unique intersections with the constant curves o fC m/e  =  0.218 and
0.226 such that the sum o f the ordinates o f the intersections totals Cgfe  — 
Czje — 4.5. The proper d/b  curve is shown in Fig.7.
“It is seen in Fig.7 that the coordinates of the intercept at Cm/e  =  0.218 
are [l/2s/b  =  0.387, l/2 C g/e  =  2.25], and those at Cm/e — 0.226 are (0.381, 
2.25). Note that the sum of the ordinates is 4.5 as required. Next, using 
linear interpolation, d /b  of rod 3 is found to be 0.351.
“Next the same technique is applied to the values of normalised capacitance 
in F ig ... ”
Clearly this method is not readily adaptable to computer programming. 
There are a number of possible approaches to deriving an algorithm to pro­
duce rod diameters and spacings given coupling and self capacitance. The 
first is to attem pt to apply the method of conformal transformation to pro­
duce an equivalent structure in which the required capacitances can be com­
puted by simple means. If we consider a simple cell of a rod between ground 
planes and the zero potential walls existing in the odd mode configuration as 
shown in Figure 3.13(a), it is clear tha t we need only consider one quadrant 
of this figure from considerations of symmetry, as shown in fig.3.13(b). Here 
a transformation of the type
(3.35)
converts the straight line segment (0-1) of the real axis in the z1 plane to the 
quarter circle in the z plane. However the full transformation to include the 
rest of the structure surrounding the circular segment is of the type
dz
dz'
=  \ fz '  +  y/z' — 1
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(b)
Figure 3.13: (a) Section through round rod between ground planes with zero 
potential indicated (b) Quadrant of above
dz    ____________________
—  =  (V d  +  y/z' — l ) y  (z ' — a)(z ' — b)(zf — c) (3.36)
From this it is clear that the transformation cannot accurately represent the 
configuration in the z plane, because as z ’ proceeds along the real z' axis, 
the effect of the additional terms is to deform the previously circular section. 
Any further development based upon a transformation of the real zl axis 
to a parallel plate structure would then produce an equipotential surface 
not coincident with the desired circular arc. The effect would of course be 
minimised if the values of a, 6, c, were large compared with unity, but this 
would be a self defeating situation as it would correspond with a round rod 
in a large enclosure, a situation not encountered routinely.
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However a second method presents itself. This is based upon expressions for 
the odd and even mode impedances of a pair of rods. The expressions are 
widely quoted without attribution; as far as the present author can trace, one 
expression is due to R.C. Honey, quoted by E.M.T. Jones and J.T . Bolljahn 
in a paper entitled “Coupled-Strip-Transmission-line Filters and Directional 
Couplers” [6], as a private communication. The expressions give explicit 
values for Z9e and Zq0 of the two rods as
Zoe Zq0 — [120/er] In coth[7rc/26)]
Zoe + Zoo =  [120/er] ln[coth7rd/46]
where c =  centre to centre spacing of the rods, d — rod diameter, b — ground 
plane spacing and eT is the relative dielectric constant.
If we let
x — lncoth(7rd/46) 
y =  lncoth(7rc/26)
7 _ 7  -Z<Qe A/Q o — ,—  y
7  J - 7  1 2 0Z/Qe “T 7jq0 — — — X
y/€r
120
/—* y/Lr
A similar expression is given by Matthaei, Young and Jones [1] (p. 177) 
except that x  =  ln(46/-7rd). These two expressions for x converge for x 0. 
The accuracy of these expressions is discussed later.
We consider firstly the situation shown in Figure 3.14 where two identical rods 
are situated between ground planes with dimensions as shown; the coupling 
capacitance is C m  and the self capacitance is split into two parts, C a and C b  
associated with the halves of the rod nearest and furthest from the coupling 
gap respectively.
C0e =  C6 +  Ca (3.37)
and
C0o =  Cb +  Ca +  2Cm (3.38)
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cFigure 3.14: Two parallel rods of equal diameter between ground planes 
showing dimensions and capacitances
Further
and
and using 
and
it follows that
2Z0s = t fL { x  + y)
Y Cr
, 7  _  120.2Zo0 — —{x y )
V Cr
Z  =  —  =  YlO’Ktos/eJ/C
C — Yld’Kt^+JT/jZ
Cm -  27re0ery /( x 2 -  y 2)
In the case of a single isolated rod (i.e. at the limit as c
Zo =  60x/ffTr
Co =  27reoCr/x
oo)
(3.39)
(3.40)
(3.41)
(3.42)
(3.43)
(3.44)
(3.45)
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Figure 3.15: Single rod of array of identical circular rods between ground 
planes, showing capacitances.
In the case of a pair of rods, Ca is equal to  Co/2 whence
Ca =  7T€oer/x  (3.46)
and as Ca +  Cb =  27re0er/ (a; -f y ) (3.47)
Cb =  7re0er (a: -  y ) / { x ( x  +  y)} (3.48)
If we now consider one rod in a  m ulti-rod situation, as shown in Figure 3.15, 
we have Zq as th e  characteristic im pedance of one line w ith all others earthed. 
This gives
Co =  2 Ch +  2Cm (3.49)
The im portance of the im pedance Zq is th a t it is norm ally given as part of 
the input data  in a  filter design. It is of prim e im portance, as explained 
earlier, in determ ining the Q-factor of the resonator, and hence directly fixes 
the filter insertion loss.
From the previous working we have
Co =  27re0er(a: -  y ) / { x (x  +  y)} +  47re0ery / (x2 -  y 2) (3.50)
If now we let
A = Cm/ 27re0er B  =  C&/?re0er (3.51)
then
A - y / ( x 2 ~ y 2) (3.52)
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B  = (x — y ) /{ x (x  4 -t/)} (3.53)
z 2 =  1 /{B 2 + 4AB) (3.54)
Now consider a section of the rod assembly as shown in Figure 3.16(a). We 
may use M atthaei’s proposal as reported by Cristal [12] to partition the 
assembly into sub sections as shown in Figure 3.16(b), where the self capaci­
tance C n is divided into two sections associated with the left- and right- hand 
sides of the rod C n\ and C n r , w ith their sum equal to C n . These sub sections 
are then further split as shown in Figure 3.16(c) into symmetrical cells, of 
which the left-hand section of one is butted against the right-hand section of 
the next to form the required chain. The final rod centre to centre spacing 
is the mean of its two constituent parts.
The value of Cn-i,n is given data, and hence we know Ai, corresponding with 
Cm[. i.e.
A{ =  Cn—l,n/2'XCo6r (3.55)
and likewise since Cn,n+1 is given
A t — Cn,n-{-i f2'K€oer (3.56)
Now the values of C n i and C nr are not yet known, but
( C n i  4" C n r )  j2ireoer =  Bi 4~ B r — 2B  (3.57)
At this point we can make use of the fact that the partitioned rod sections 
must have equal radii, and since variable £ is a function of rod diameter d 
only and not c the rod spacing, we can assert that, xi =  x r =  x.
In turn this gives
By inversion
1 1
x (3.58)
B f  4- 4AiBj B 2 4- 4A rB r
whence
Bi = (B 2 4- 2A rB ) /{ A l 4- A T + B) (3.59)
B r =  (B 2 4- 2A iB )/{A i +  Ar 4- B) (3.60)
yi ~  {x -  B ix2){l A Bi) (3.61)
yT =  (x  — B rx 2){ 1 4- B r) (3.62)
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Figure 3.16: (a) Circular rods n — 1, n of array between ground planes, show­
ing self and mutual capacitances, (b) Capacitance network of above, (c) 
Circuit of (b) split into two for analysis.
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As J5, Ai and A r are known, this set of equations is solveable for yi and yr.
The final step is to determine the individual rod centre to centre spacings. 
From the original expressions we have
y =  In { coth(7rc/26) |  (3.63)
and this gives
c/6 =  i l n j l  +  2/(expy — l ) j  (3.64)
Using yi and yr gives values of (c/6)/ and (c/b)r respectively, and the spacing 
between rods n — 1 and n is then | | ( c /6 ) r>n_! -j- (c/6)/,n} where (c/6)r>n_i 
relates to rod n — 1 and (e/6)/)Ti relates to rod n.
As we now have all (c/6)/ and (c/6)r we have a complete solution.
There is a separate problem with the end rods of the filter, as these have no 
adjacent rod on one side, but usually an end wall of the filter. This can be 
dealt with by an essentially similar method, using the image of the end rod 
in the end wall. The odd-mode capacitance then provides a fixed addition 
to the self capacitance.
The limits of validity of the above argument is closely dependent on the 
accuracy of the initial expressions. M atthaei et al [1] suggest tha t given 
that x  =  ln(46/7rd) these expressions should give good results at least when 
d/b < 0.55 and s/b  > 2(d/6). It should also be true for x  =  lncoth(7rd/46). 
It is possible to use these expressions to compute capacitance values for given 
dimensions and these can be compared with the values given by Cristal, since 
these in turn were derived by credible numerical methods. The results of such 
comparisons are given in Table 1.
It can be seen th a t for s/b  >  0.5 and d/b  <  0.6 there is little to choose 
between algorithms for s; for large values of d/6, the best fit for x  appears 
to be mid-way between values i.e.
x — ~ (ln(46/?rd) +  lncoth(7rd/46)) (3.65)
The values of c/6 are likewise in good agreement for s/b  > 0.5 and d/b  <  0.6. 
Again for larger values of d/6, a mean of the values of the two algorithms 
seems to better tha t either.
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C h a p t e r  4  
F i l t e r  b a n d w i d t h  d i s c r e p a n c i e s
The subject m atter of this chapter relates to a widely reported phenomenon 
in the design of filters employing transmission line elements. This phe­
nomenon is the difference in the width of the passband of a practical filter 
and the design bandwidth. For example, Matthaei, Young and Jones [1] in 
their discussion of the design of a particular comb-line filter say
“From the VSWR characteristic in Fig.8.13-5 the measured fractional band­
width at the equal-VSWR-ripple level is found to be w =  0.116 instead of 
the specified w =  0.100. This somewhat over size bandwidth may be due 
to coupling effects beyond the nearest neighbour line elements, which were 
neglected in the derivation of the design equations in Fig.8.13-1(b).”
In the experience of the present author, who has been concerned with the 
designs of dozens of such filters, it is commonplace in the design of comb-line 
filters for the design bandwidth to be selected to be some 8% smaller than 
the required bandwidth; this figure being based on a wide spread of actual 
designs.
Elsewhere in the same book, discussing the design of inter-digital filters the 
authors state
“It is suggested that the filter fractional bandwidth w be specified to be 6% 
or 7% larger than is actually desired, since from the trial design described 
later it appears that there will be some shrinkage in bandwidth due to the 
approximate nature of the design equations.”
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However, Wenzel in a classic paper “Exact Theory of Inter-Digital Band-Pass 
Filters and Related Coupled Structures” [14] makes the following observation
“Accuracy: The theory presented in this paper is exact and should be capable 
of providing a high degree of accuracy. Negligible bandwidth shrinkage was 
obtained in the experimental model as compared with a nominal shrinkage 
of about 7% produced by the approximate m ethod.”
The approximate method is th a t of M atthaei et al; their design procedure 
for comb-line filters is not subject to the same approximation, and so their 
comments on comb-line filter bandwidth is not subject to the same stricture. 
It is the experience of the present writer tha t the bandwidth of inter-digital 
filters do correspond very closely to th a t predicted at the design stage. A 
probable reason for this apparent discrepancy between the two classes of 
filters is given later.
4 . 1  C o m b - L i n e  F i l t e r s
The failure of measured comb-line filter bandwidth to agree with the de­
sign bandwidth has attracted comment elsewhere, usually being attributed 
to a failure to take notice of the couplings between non-adjacent elements. 
However, an inspection of the rate at which coupling changes with distance 
should cast doubt upon this proposition. In the case of coupled bars, dou­
bling the coupling gap reduces the coupling capacitance by a factor greater 
than 10. A little thought will show tha t the gap between two non-adjacent 
bars must be substantially greater than a factor of two over the adjacent bar 
gap, and hence the coupling factor can only be pitifully small. Indeed in 
the preceding chapter we were able to show how the field distortion along 
the side of a coupled bar is very rapidly restored to parallel plate configu­
ration. Consideration of the design equations will indicate that bandwidth 
is proportional to coupling impedance, and hence it is not possible to give 
serious credence to this proposition th a t bandwidth discrepancy is due to 
non-adjacent rod coupling; in the absence of a better explanation it did offer 
a plausible reason.
The probable cause of the bandwidth discrepancies would seem to arise from 
overlooking a vital discrepancy between the theoretical coupling field between
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adjacent resonators and tha t occurring in practice. The basic postulate is 
that uniform coupling exists between the resonators. In this hypothesis, if 
we view a section through adjacent resonators in the plane of the resonators 
x ,y  as shown in Fig 4.1, the basic assumption is that the E  field lines are 
everywhere parallel, and normal to the surfaces of the resonators. The classic 
discussion of this situation is to suppose that the coupling field is chopped out 
of tha t between infinitely long resonators. In the case of a comb-line filter, 
this assumption is justified a t the bottom  of the resonator where a common 
earth plane exists. If we postulate tha t there exist TEM waves travelling 
in opposite directions on the conductors, these will cancel at the feet of the 
bars/rods to give a zero potential wall which is the earth plane. At the ‘roof’ 
of the filter enclosure, a different situation exists. Here there is an abrupt 
voltage discontinuity which is sustained across the tuning capacitor present 
in this type of filter. The voltage gradient is a function of the physical size of 
the capacitor, and clearly the presence of this discontinuity adjacent to the 
top earth plane means that the coupling field cannot be uniform in this area.
As discussed in the previous chapters, the conventional way to evaluate the 
coupling between adjacent rods is to evaluate the static coupling capacitance 
per unit length, and hence derive a coupling II-section using a transmission 
line whose Characteristic Impedance is given by Zq =  l /v .A C ,  and whose 
length is equal to  that of the individual resonators. The evaluation of A C  
(the coupling capacitance per unit length) for two specific configurations was 
the subject of the last chapter; v is the velocity of wave propagation in the 
medium surrounding the conductors.
It is possible to make an informed guess as to the shape of the field in the gap 
between identical resonators when one is driven and the other is at earth po­
tential, as shown in Figure 4.2. Lines of flux starting from near to the top of 
the driven resonator will now travel to the top earth wall, and it is apparent 
that the field will no longer be uniform in the y direction, as the theoretical 
analysis postulated. In fact, it is clear that the transmission line based upon 
the evaluated coupling capacitance per unit length (see figure 2.3(a)) must 
therefore be replaced by a transmission line having a non-uniform character­
istic impedance, whose value rises as it approaches the top plate. Intuitively, 
it can be seen tha t this will raise the impedance of the coupling element, and 
hence increase the overall filter bandwidth. However, it would seem that an 
exact solution of this field perturbation might well present a near intractable
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Figure 4.1: Showing idealised field between parallel resonators
Figure 4.2: Showing field distortion between parallel resonators due to pres­
ence of top plate.
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Figure 4.3: Equivalent Circuit for Coupled Transmission Lines in Comb-line 
Filter with Allowance for Effect of Top Plate.
problem.
If we review the field situation it is probable tha t the perturbation of the 
field dies away rapidly as we proceed away from the top plane, and if we 
can show that this range of perturbation exists for but a small fraction of 
a wavelength, then the net effect can be modelled by connecting a negative 
capacitance directly across the coupling element terminals. The magnitude 
of this capacitance would then be equal to the difference between the hypo­
thetical capacitance which would exist if the field were truly plane parallel, 
and that which actually exists.
If this deficit capacitance is designated Cd{< 0) then the effective coupling 
network becomes as shown in Figure 4.3 (based upon the circuit of Figure 
2.3(a)). The coupling admittance Yc is then
Yc = -  jY c(0) cot 6 +  jw C d (4.1)
where Tft(#) is the characteristic adm ittance of the hypothetical coupling line 
based upon 5ft (#) =  vCQ\ in turn C0 is the coupling capacitance per unit 
length in the supposed uniform field between the resonators; these values of
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1^(0) and 6 would, if implemented, provide the correct filter bandwidth. If 
the resonator spacing is now adjusted to give a new value of C0 — C0(l) , 
correct coupling conditions will be restored if
jY c(l)  cot 9 — jY c( 0) cot 0 +  jwCd (4.2)
The appropriate value of Cd is tha t existing with the correct resonator spac­
ing.
It will be noted that the act of resiting the resonators to achieve the new 
value of C0 =  C0( 1) must have an effect, albeit of second order on Cd'- its 
new value becomes Cd{ 1). We can then refine the equations above in an 
iterative fashion until the required degree of convergence is achieved; the 
number of iterations is usually comfortably in single figures.
As an aid to conception, it is possible to ascribe the reduction in coupling to 
a diminution of the length of the coupling element 0 to 0(1); the net effect is 
exactly the same in either case.
In practice, this correction when applied to the design of comb-line filters, 
produces good agreement between the design and measured bandwidths, of 
the order of ±1%.
4.1.1 D ete rm ina tion  of Cd
The value of Cd is found by employing a conformal transformation technique. 
The transformation employed is given by
sin7T0 =  1-1- exp^-G (4-3)
The effect of this transformation is to map the configuration in the z (~  
x  +  jy )  plane of Figure 4.4(a) into that shown in Figure 4.4(b): the planes 
are assumed to be infinite in extent in the y-plane and the plane normal to 
the paper. All dimensions have been normalised with respect to the inter­
plane spacing s. The corresponding points A, A' etc are as indicated. It is 
assumed that there is a small gap between E  and F  in Figure 4.4(a) and 
that the wall F C  is maintained at unit potential whilst the walls A P  and 
P E  are at zero potential. An exact plot of this transformation is shown in 
Figure 4.5.
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Figure 4.4: (a) and (b) Conformal Transformation of sin ttz =  1 +  exp(7r^')
100
In the configuration of Figure 4.4(b), the upper plane yf — 1 is at unit 
potential, and the lower plane at zero potential. These planes together form 
a parallel plate capacitor; so, for example, the capacitance between O'P'
and D 'Q r is equal to that between OP  and DQ in Figure 4.4(a). The co­
ordinates of various points in Figure 4.4(a) are mapped into co-ordinates in 
Figure 4.4(h) as given below.
A(—1/2 ,jco ) becomes A '(o o ,jl)  (4.4)
U{—1/2, jy )  becomes C//(l/7r ln(l 4- cosh Try), j l  (4-5)
P ( —1/2 ,JO) becomes l/7 r ln 2 ,j l  (4*6)
0 (0 ,jO) becomes O '(0 ,jl)  (4.7)
As the point U{—1/2, jy )  proceeds to large values of y, U' tends to (y — 
ln 2 /7 r,jl) . Thus the transformed length of A P  is shortened by 21n2/x. In 
turn this means tha t the value of the deficit capacitance C d { <  0) is given by
C d  — 2eln2/7r (F/m ) (4.8)
where the direction of the unit vector of distance is in the plane perpendicular 
to the paper.
If now we consider the situation existing between segments of the parallel 
planes (as described in detail in the previous chapter), we may posit tha t the 
coupling capacitance A C  existing between the segments can be attributed 
to a narrow element of width t eq within each segment coupled by a uniform 
field; the value of t eq is related to AC by
A C  — d eq/s  (4.9)
where s is the plate separation.
We may now assert that the value of the deficit capacitance is modified 
similarly, so that
C d =  —2eteq\n 2/'K (F )
=  -2A C sln2 /7 r (F) (4.10)
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Figure 4.5: Exact Plot of Field Shape indicated in the previous figure. (V 
l/7rarcsin(l +  exp 71-2)); 2 goes from (-0.495, 0.005) to (0.495, 0.995).
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This expression is independent of t eg; and hence does not require a justifi­
cation of the proposition that the coupling capacitance can be validly rep­
resented in the manner proposed. The argument may be shown formally to 
be correct by considering the coupling field to be divided into very narrow 
strips to which the procedure may be applied individually. By a similar argu­
ment, the same condition will apply with round rods, where s is the inter-rod 
spacing.
We may now apply the procedure outlined previously. We firstly calculate 
an initial value of A C (=  A (7(0)), from the filter design data. This in turn 
will give an initial value of s =  s(0) and of Cd(= Cd(0)). We now calculate 
a first iterated value of A(7(= A (7(l)) from
— uoAC(0) cot 0o — —vA C (l) cot 0o — 2u?oAC(l)s(0) ln27r (4-11)
A(7(l) =  A C (0 )/{ l -f 2u;o tan  0os(O)ln2/7ru} (4-12)
where uo is the centre frequency of the filter pass band, corresponding with
0o.
The initial assumption that the deficit capacitance represents a small cor­
rection term  is readily checked by observing the relative magnitudes of the 
terms used in deriving the corrected value for A C .  Provided that the correc­
tion term  is less than the corrected term  by a factor of five or so, then the 
results are satisfactory in practice.
When the new value of AC(1) is determined, it can be translated into physical 
separation of the resonators as explained in the previous chapter. The effect 
of changing s from s(0) the original value, to s (l) is to modify the above 
equation to give
A C  (2) =  A C ( l) /{ l  +  2wo tan 0 os(l)ln2/7ro} (4.13)
Computing s from A C (2) modifies $ to 5(2), and the process can be further 
iterated. Normally, convergence is rapid.
The above expression may be re-written as
AC(rc) =  AC(n — l ) / { l  +  41n2tan $os(n — 1)/A0} (4.14)
where Aq is the wavelength corresponding with u>o,0o.
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From this it can be seen tha t the magnitude of the correction term is di­
rectly proportional to s, the spacing between resonators, and inversely pro­
portional to wavelength. Increased resonator spacing is associated with di­
minished bandwidth, and hence this correction term is only of significance in 
filters of relatively narrow bandwidth. The coefficient of the term  in ($ /A) 
is 4 In 2 tan  0, and this is in the region of 4 for practical designs (9 about 
45 degrees). Hence the region of applicability for the above treatm ent is 
a/A < 0.1.
4 . 2  I n t e r - d i g i t a l  F i l t e r s
The foregoing analysis does not have the same effect when an inter-digital 
filter is under consideration. The basic reason for this is the physical dif­
ference in construction between comb-line and inter-digital filters. In the 
former the resonator rods are earthed at adjacent ends; in an inter-digital 
filter the resonators are earthed at alternate ends. Thus when we consider 
the disturbance to the electric field at the end of a resonator caused by the 
presence of the top wall, it will be appreciated that the end of the adjacent 
(coupled) resonator is at earth potential, and hence coupling is minimal. In 
fact the bulk of coupling in an inter-digital filter is, by virtue of its construc­
tion, due to the interaction of the resonator fields in the centre region of the 
rods. They are thus relatively immune from the end effects occurring with 
comb-line filters.
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C h a p t e r  5  
A p p l i c a t i o n s
In order to illustrate the procedures outlined in the preceding chapters, two 
examples of filter design are described in this Chapter; one employs a comb- 
line configuration and the other an inter-digital. Both relate to  the require­
ment of a filter for use with a cellular radio base station system.
Such a filter is required to have a low insertion loss, specified in this particular 
application to be less than 1.5 dB everywhere in the passband which is 35 
MHz centred on 897.5 MHz (i.e. 880-915 MHz). A well-known rule of thumb 
suggests that the response at the passband edges is approximately twice that 
at band centre, and this requires tha t the band centre loss be less than
0.75 dB. In addition the out-of-band loss requirement is very stringent being 
some 50dB at 10 MHz removed from band edge. Finally, the filter return- 
loss is required to be better than 20 dB everywhere in the passband. These 
figures determine that the filter should incorporate some nine sections in a 
Chebyshev configuration with a ripple factor of 0.01 dB. This la tter figure is 
chosen since it corresponds with a return loss of 26 dB; this allows for some 
margin of error in alignment. This point is made since an in-band ripple of
0.01 dB would be a gross over-specification in its own right.
The expression given in Chapter 2 for the mid-band loss of this type of filter 
is
^ j f j f s k / Q k  (5.i)
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where ( / 2 — / i )  is the filter bandwidth. By inserting the design parameters 
given above, the required Q value of the individual resonators (assumed all 
equal) is 2000. This in turn requires tha t the internal dimensions of the 
filter be such that the spacing between ground planes should be some 30mm 
with resonator rod dimension such as to give a characteristic impedance of 
some 70 ohms; this suggests a rod diameter of some 12mm. In fact, the 
mechanical constraints on the filter size were such that the internal ground 
plane spacing was limited to less than the desirable figure. The comb-line 
filter performance was thus very marginally satisfactory; the inter-digital 
filter has increased resonator height, raising the resonator Q value and this 
in turn enables this filter to meet the insertion loss specification with an 
improved margin.
Both filters were designed using the methods outlined in Chapters 2-4. The 
comb-line filter used the technique of equating susceptance slopes whilst the 
inter-digital filter equated susceptances at the band edges. The filters have 
sufficiently small fractional bandwidths th a t both methods give negligibly 
different results. The overall electrical length of the resonators was 53 degrees 
for the combline filter and approximately 90 degrees for the inter-digital.
The two filters constructed had to fit within the same overall footprint; one 
consequence of this was tha t the inter-digital filter had an internal ground 
plane spacing of 25mm whereas the comb-line filter had a ground plane spac­
ing of 28mm. The resonator poles of the inter-digital filter were all 10mm 
diameter whilst those of the comb-line filter were 11mm. The intrinsic Zq 
in each case was about 70 ohms, to ensure the highest possible resonator Q 
value and consequent lowest filter insertion loss.
The final inter-resonator spacings were as follows:
Inter-digital filter Comb-line filter
s l/2 22.6 21.9
oT00GO
s2/3 25.5 25.5 II CO OO
s3/4 26.4 26.3 (=s6/7)
s4/5 26.5 26.5 (=s5/6)
(all dimensions in mm)
The measured performance of the inter-digital filter was very close to that 
predicted, within experimental error. The measured through response (S21)
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and return loss (SI 1) are shown in Figure 5.1; the figures were taken from a 
prototype filter which tuned to a centre frequency slightly low with respect 
to tha t required. This error is sufficiently small as to be ignored for our 
present purpose. The band centre insertion loss is 0.65 dB, corresponding 
with a resonator Q value of 2300. The out-of band response corresponds 
closely with design parameters. The return loss characteristic is below -20 
dB everywhere in the passband and this in turn is in good agreement with 
the expected rippling characteristic, peaking to -26 dB.
The response curves for the comb-line filter are shown in Figure 5.2. These 
characteristics are similar to those of the inter-digital filter, but the insertion 
loss at mid band is now some 0.75 dB, corresponding with a resonator Q 
of 2000. This value is lower than that attained with the inter-digital filter 
despite the increased ground plane spacing, due to the lower volume per res­
onator. It will be observed tha t the required pass-band is achieved accurately 
within the limits of experimental error; it is im portant to note that the inter­
rod spacings have been corrected in accordance with the procedure previously 
outlined. Had this correction not been applied, the passband width would 
have been substantially greater. The error can be estimated by noting that 
the rate of change of bandwidth with filter rod spacing is some 4 MHz per 
mm; on this basis the filter pass-band width without the correction applied 
would have been some 9 MHz greater, i.e. the error would have been some 
25%.
C o n str u c tio n
The construction of the comb-line and inter-digital filters described above can 
be seen from the photographs oppposite. In each case, the inter-digital filter 
is at the top. In the upper photograph, the exterior of the the two filters 
is shown. In the lower photograph, the filters have been opened to show 
the internal construction. The inter-leaved fingers of the of the inter-digital 
filter can be clearly distinguished from the side-by-side arrangement of the 
comb-line filter. Both filters are silver plated to enhance their performance, 
and each resonator has an end tuning-capacitor. In the inter-digital filter 
this provides fine tuning of a quarter-wave resonator; in the comb-line filter, 
the capacitor provides a substantial tuning element as the lines are each 
electrically 53 degrees long at the centre frequency.
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Figure 5.1: 3n and s2i for a 9-pole Chebyshev O.OldB ripple inter-digital 
filter.
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Figure 5.2: Sn and s2i for a 9-pole Chebyshev O.OldB ripple comb-line filter 
with corrected pole spacing.
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XS u m m a r y
This thesis has shown that it is possible to devise suitable algorithms for 
solving a number of previously intractable problems occ.uring in the design 
of coupled transmission line filters.
The first algorithm addresses itself to the problem of determining the spacing 
between parallel rectangular bars situated between ground planes given the 
self- and mutual capacitances per unit length. These parameters occur in 
the design procedure for coupled transmission line filters. The algorithm 
can be readily incorported into a program which can run 011 a standard 
PC. The algorithm succesfully inverts the procedure devised by Getsinger 
whereby, given the spacing her ween bars, a set of graphs was prduced giving 
the corresponding self- and mutual capacitances. The inversion procedure 
using Getsinger’s curves, requires graphical interpolation, and is not readily 
applicable to incorporation into a computer program. The new algorithm 
also predicts the extent of the field distortion existing at the corners of the 
bars and gives a measure of the field distortion existing as the distance from 
the corner varies. In turn this enables a check to be provided to ensure 
that bar dimensions remain within the limits of applicability; this was not 
previously possible.
A second algorithm deals with the corresponding problem that occurs when 
the transmission line structure uses round rods, given self- and mutual capac­
itances as data. This algorithm can be implemented 011 a standard PC . This 
particular algorithm supercedes a procedure devised by Cristal, which,like 
Getsinger’s procedure, required graphical interpolation of the solution of the 
converse problem, that of predicting self- and mutual capacitance given phys­
ical dimensions .
The thesis also clears up a discrepancy between the calculated and measured 
performance in respect of pass-band width existing in the class of comb-line 
filters. An excess of measured over calculated bandwidth between 5 and 30 
per cent has been reported at various times in the literature over the last 
thirty years, and 110 satisfactory explanation has been forthcoming. The 
prime cause is shown to be the existence of non-uniform coupling fields, in 
contradistinction to the accepted hypothesis of field uniformity. An model is
1
described which provides an adequate description of the effect and enables 
filter designs to be modified in such a manner that the bandwidth discrepancy 
is minimal. The explanation is further extended to show why the effect does 
not exist in the class of inter-digital filters; in turn this accords with the 
designs reported in the literature which show close accord between calculated 
and measured performance for this class of filter.
The perfomance of a filter of each type (comb-line and interdigital) is de­
scribed, indicating that the algorithms descibed can be applied in practice 
with excellent results.
The thesis also advances a number of theoretical propositions relating to ideal 
Quarter wave sections,and proposes a new equivalent circuit for a length of 
transmission line incorporating a semi-ideal quarter wave section. It sug­
gests a number of uses for this equivalent circuit in simplifying the design of 
certain classes of filters, in particular wide band filters, where the usual ap­
proximations fail to predict performance satisfactorily, and offer 110 guidance 
to design modification. The proposed new equivalent circuit enables circuit 
designs to be modified to produce satisfactory results.
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